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1. Introduction 

String theory on AdSsX S 5 should be dual to J\f =4 supersymmetric Yang-Mills (SYM) 
theory in four dimensions M. This duality conjecture has undergone varieties of tests at 
various levels. One of them is the spectrum matching at the both sides of the duality. It 
turns out to be very difficult to present the full spectrum of the theory and then to compare 
it with spectrum of the anomalous dimension of the gauge theory operators. Hence it is 
natural to examine various limits of the duality conjecture. One such interesting class of 
operators is that which carry large charges, such as large angular momentum^. In this 
sector one can use the semiclassical approximation to find the energy spectrum. In the 
gauge theory one needs trace of very long operators. It further was analysed in a beautiful 
paper || that the Hamiltonian of a Heisenberg's spin chain system is related with that 
of the dilatation operator in N=4 Supersymmetric Yang-Mills theory . Since then lot of 

1 For recent reviews, see M, H, W. 
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work has gone in to understand the interplay between the integrability of the string theory 
on AdS, and making connection with more than handful of gauge theory operators. 

One such low lying spin-chain system corresponds to magnon like excitation. Hofman 
and Maldacena |7j have been able to match these magnon excitations to that of a class of 
semiclassical rotating string state on R x S 2 2 . They move around the equator of the sphere 
and have large angular momentum and energy. The giant magnon solution of correspond 
to operators where one of the SO (6) charge, J, is taken to infinity, keeping the E — J 
fixed (J — > oo,A = fixed, p = fixed). These spin chain giant magnon excitations satisfy a 
dispersion relation of the type (in the large ' t Hooft limit (A)) 



E — J 



7T 



■ P 

sm- 



(1.1) 



where p is the magnon momentum, which on the string theory side correspond to a deficit 
angle (p. 

Another class of solutions with spike like configuration in the AdSs x S 5 has also been 
found out |2(| and in the gauge theory side these correspond to single trace operators 
with large number of derivatives. More recently in [27] is has been analysed that for an 
infinitely wound string around S 2 and S* 3 with a single spike can be obtained from a general 
solution of rigidly rotating string on the sphere. More interestingly in a certain parameter 
space the solutions can also be thought of as giant magnon. In fact both the giant magnon 
and single spike solutions has been obtained by taking different limits on a general class of 
rotating solutions. So it seems natural that single spike solutions fall into the same class 
of solutions as that of giant magnon. The difference is that the spike solutions do not 
correspond directly to that of any gauge theory operators. For these single spike solution, 
like the magnon dispersion relation can be summarized by 



E - TAip 



7T 



(1.2) 



where Aip is the difference in the angle between two spikes. 

It is very interesting knowing the results of the elementary string wound around AdSs x 
S 5 has in its solution both magnon and spike like configuration, what happens in case of 
D-string ? It will enhance our understanding beyond the elementary string configurations, 
and might also give generalization of these as well. We would like to analyse this possibility 
in the present paper. For our purpose we will restrict ourselves to the less supersymmetric 
Lunin-Maldacena background [30]. This background has been conjectured to the Leigh- 
Strassler marginal deformation of Af = 4 SYM. The study of properties of classical string 



in these backgrounds was performed in many papers, for example []20| |27j, |32|, |33|, |34j, |35 



36, 



38], H, [SJ fy], H|, ||, ||, H, |6|, |47j]. Our goal is to perform similar analysis in 
the case of Dl-brane. First of all, the D-brane unlike the fundamental string couple to the 
dilaton explicitly. So it is rather interesting to see if similar configurations of giant magnon 
and single spike solutions exists in case of D-branes. The corresponding operators in the 
dual gauge theory is still unknown. However the existence of these semiclassical states in 



2 For some related papers, see §, §, 0, 0, [T| |l| @ [H| [l(§ |T| g |T| g §], g §§ f§. 



- 2 - 



string theory side might give a hint that there might be similar states in a gauge theory. 
We will solve the equations coming from the Dirac-Born-Infeld action on the Dl-string, 
and will analyse the possibility of getting the giant magnon and single spike like solutions 
on its world volume. 

The rest of the paper is organized as follows. In section two for notational details 
we first write down the DBI action of a Dl-string and derive the equations of motion for 
the worldvolume coordinates and write down the background fields corresponding to (3 
deformed AdSsX S 5 3 . We further derive the equations of motion of a rotating Dl-brane 
in this background and write down its equations of motion. Section three is devoted to 
the study of the solutions of the equations of motion derived in section two, and find out 
solutions that correspond to spike and giant magnon is case of S 2 and 5 3 embedded inside 
S 5 . We show the existence of the similar dispersion relation, as in case of magnon solutions 
on fundamental strings, in the presence of worldvolume gauge field. In section four we 
discuss the possibility of finding out the magnon and single spike solution in case of Dl- 
brane in /3 deformed AdSs x S 5 background, we find more general solutions and show that 
in the limit of large electric flux on world- volume of Dl-brane they reduce to the equations 
that describe collection of large number of fundamental strings. We also construct rotating 
and wound Dl-brane solution that has two equal momenta on S^. In section five we present 
our conclusions. Finally, some details of the calculations are summarized in the appendices. 

2. Dl-brane in /3-Deformed Background 

The dynamics of Dl-brane in general background is governed by following action 

S = Sdbi + Swz , 
Sdbi = -n J d^V-detA , 

A a/ 3 = d a x M df3X N G M n + {2ita)T a f3 , 

F a p = d a Ap - dpA a - (2-koi'Y 1 B MN d a x M dpx N , 

Swz = nj eM ? AC, 

(2.1) 

where t\ is Dl-brane tension, (, a ,a = 0,1 are world-volume coordinates and where A a is 
gauge field living on the world- volume of Dl-brane. Note also that C in the last line in 
( |2.1| ) means collection of Ramond-Ramond fields. The equations of motion derived from 
this action has been summarized in appendix-A. 

Our goal is to study dynamics of Dl-brane in /3-deformed AdS$ x S 5 background p0[ . 
Let us now review its main properties. 

The /3-deformed AdS$ x S 5 background can be obtained from pure AdS§ x S 5 by a 
series of TsT transformations as was shown in The deformation parameter (3 = j+iaj 
is in general a complex number however we restrict to the case when = 0, where the 

3 For review of integrable deformations, see [Bl|. 
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corresponding deformation is called 7 deformation. The resulting supergravity background 
takes the form 

3 3 
ds 2 = R 2 (ds 2 AdS5 + ^(dtf + Gtfdtf) + fGtilnlnHY, dcf 2 )) . (2.2) 
i=i i=i 

It is important to note that this background also contains in addition a non-trivial dilaton 
field as well as RR and NS-NS form fields: 

B = i? 2 7G(/Ui/i2#l#2 + Ai2^3#2#3 + Ml>3#l#3) , 
e 2* = e 2*o Gi q ' 



C2 = —R 2 ^e~^°uJidip , duii = 12 cos 9 sin 3 9 sin t/j cos ipdQ A dip , 

F 5 = dC A = AR 4 e-*°(LU AdS5 +co s5 ) , 

fii = s'mOcosip , fj-2 = cos 9 , [13 = sin^sin-;/; , 

(2.3) 

where (9,ip,(j)i,4>2,4>3) are the usual S 5 variables and where uJAdS 5 ,^s 5 are corresponding 
volume forms of AdS§ and S 5 respectively. Finally 7 is defined as 



7 



i? 2 7 , R 2 = \tAna' 2 e^N . (2.4) 



Our goal is to study spikes solutions on Dl-brane that moves on 4 . We represent this 
space as a subspace of 7-deformed AdS$ x S 5 presented above 

Ms = , 3 = (2.5) 

or equivalently 

i> = , 03 = . (2.6) 
The relevant part of the 7 deformed vldSs x S 5 is 

ds 2 = R 2 (-dt 2 + d# 2 + Gsin 2 9d<\>\ + Gcos 2 0ety|) (2.7) 

and the dilaton, RR and NS-NS two-forms take the form 

Bfafa = R 2 jG sin 2 9 cos 2 9 , e 2 * = e 2<I>0 G , 



a 1 



1 + 7 2 sin 2 9 cos 2 ■ 



(2- 



Note that due to the fact that C2 vanishes we do not need to worry about the Wess-Zumino 
term of Dl-brane effective action. 



4 various supersymmetric D-brane embeddings in the beta deformed background was studied in 
However our aim is different in this paper 
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Let us now consider following ansatz 

t = KT, e = 8(y), 0i =o>it + 0i(t/) , 02 = w 2 t + 4> 2 (y) , (2.9) 

where we have defined the variable y as 

y = aa + j3r. (2.10) 

Now we start to analyze the equations of motion (|A.1|) and ( |A.4[ ) with the ansatz above. 
The explicit form of the matrix A is summarized in (A. 6) - (A. 12). 

Let us see the equations of motion (A.l). Firstly, for x° = t this equation implies an 
existence of conserved quantity 

(G sin 2 Owi^i + G cos 2 Ou^) = A ,A = const . 



GV-detA 

(2.11) 

In what follows we presume that A < 0. Further, the equations of motion for takes 
the form 

R 2 Sin 2 9 [u 2 G COS 2 9(^2 ~ ft 2 Ul) - , . 2 a 2n r>2~ nT r R 

— A — = = h sm cos UUJ2R 7GTI = B , 

G sin Q{jJ\§'y + cos 2 0u!24>2 

(2.12) 

where -B = const. II is a constant that counts the number of fundamental strings stretched 
along the world volume of Dl-brane defined in (A. 9). 
In the same way the equation of motion for (ft 2 gives 

AR 2 cos 2 9 [^iGsin 2 etffaji - gcjg) - 4>' 2 k 2 ] . 2 2 u 2~ nT , n 

— sm #cos 6uj\R 7GII = G , 

G sin Ouji^i + cos 2 6oJ 2 (j)' 2 

(2.13) 

where again C is constant. Before we proceed to explicit solutions of these equations we 
determine conserved quantities that reflect isometries of given background. These currents 
are conserved as a consequence of the equation of motion: 

d a J t % 2 = . (2.14) 

Then corresponding conserved charges take the form 

/*27T fill riff 

Pt = / daJ t T , Ji = / daJl , J 2 = doj^ 
Jo Jo Jo 



(2.15) 



where we presume that Dl-brane has compact support and also that world-volume fields 
obey periodic boundary conditions. 

After the general discussion of the properties of Dl-brane in /3-deformed background 
we proceed to the study of the solutions of the corresponding equations of motion. 
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3. Dl-brane in AdS 5 x S 5 



We begin our discussion with the study of the dynamics of Dl-brane in original AdS^ x S* 5 
background (7 = 0). For simplicity we start with Dl-brane that rotates on S 2 . We closely 
follow recent interesting paper 



3.1 Single Dl-brane on S 2 

This case is characterised by condition 



4> 2 = , lo 2 = . 
Then the equation of motion for ^ ( 2.12| ) implies following relation 



R 2 k 2 



Bid! 

~A~ 



Since the equation (2.12) does not determine <p\ we can presume that 

01 = 1 

so that ( |A.12 ) reduces into 



(3.1) 



(3.2) 



(3.3) 



det A 



2 D 4I 



-a z R 



+ sin 2 8) - 6' 2 sin 2 8uf\ 
1 + e 2 *on 2 



(3.4) 



This result together with ( |2.11 ) implies following differential equation for 8 

-e- 2 ^a 2 u 2 (l + e 2 ^Ii 2 ) S \ii 2 e-A 2 K 2 ' " 



smt 
T4j 



k 2 — u>f sin 2 1 



(3.5) 



This equation is generalisation of the equation derived in paper |p7| . In fact, due to the 
fact that the dilaton is constant and C2 vanishes for 7 = the dynamics of Dl-brane has 
similar form as the dynamics of fundamental string. More precisely, it is well known that 
II determines the number of fundamental strings on the world-volume of Dl-brane. Then 
the equation above determines the dynamics of the bound state of single Dl-brane and II 
fundamental strings in AdS§ x S 5 background. 

To proceed further we have to impose the boundary condition on the world-volume 
fields since we consider closed Dl-brane. The natural boundary conditions take the form 



2vr 



i-2-e rb 

/ da = 2n 
Jo Je„ 



dQ 



O: 



where n denotes number of spikes on Dl-brane world- volume and where m in an d 8, 
be defined below. 



(3.6) 

max will 
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Let us now evaluate charges given in (|2,15| ). Using ( |2,11| ) we obtain that Pt is equal to 



2n Tl KR 2 [ e ™* sin0(e- 2 *°a 2 a;f(l + e 2 * o n 2 ) - A 2 u 2 ) 

P t = / du- 



aw i Je min [(e" 2,I> oa 2 a; 2 (l + e 2 *on 2 )sin 2 e-^ 2 K 2 )(K 2 - w 2 sin 2 ^ 



1 1/2 • 

(3.7) 



In the same way we obtain 



2nnR 2 [ dma * ,„ „ /e- 2< foa 2 L,; 2 (l + e 2 *on 2 )sin 2 e-A 2 K 2 . , 

Pi = — / MsmOJ ^ . 3.8 

Finally, the difference between two spikes is given by an expression 



f d0 9 f A / k 2 -oj\ sin 2 9 

^~ Je mm W\~ h min e~ 2 *°a 2 u; 2 (l + e 2 *on 2 ) S m 2 8-A 2 K 2 ' (3 ' 9) 

Note that this is positive since we have A < 0. Now requiring that the arguments in 9' is 
positive we find the range of 9 can be 



A 2 t 



.2 Jl 



CASE I : , .„„. -.I'; .,„„„,.. --- sin 2 ^.,^ (3.10) 



cj 2 e- 2,I> oa 2 (l + e 2 *on 2 ) 



or 

k 2 A 2 k 2 

CASE II : < sin 2 9 < = „. — — - . (3.11) 

uj\ uj\e- 2 ^a 2 1 + e 2 *"n 2 v ; 



2 a „2 



Further, in the first case we can have (i)^ < 1 or (ii)^ > 1. In the second case we have 



(hi) 'i -^n^/fl 24>m-r2> < 1 or (iv) 2 -^ n A l^f , 2 <t.,,r^ > 1. Note that these results can 
be considered as generalisation of results derived in [27]. 

3.1.1 First limiting case: giant magnon 

Let us consider the case (i) and (ii) given above and take the limit |cji| — > k. Following 
1 27] we define two angles 

/ ^42^.2 \ K 

sin 2 9 min = -s — ^ — —— — , 6» ma:r = arcsin — , 6> min < 6> < 6» maa: . (3.12) 

\uf e~^°cr(l + e zv °ll z ) / 

The limit |wi| — > ft corresponds to ^ ma a; — ► § • In this case the equation of motion for # 
( |3.5| ) implies 

d9 S in9 mm cos9 ± ^ 



/ 



sin 9 v sin 2 — sin 2 9 m i n 



that has solution 



Further, is equal to 



8int/ = =F . (3-14) 

sin cr 



, Ma: d9 cos 9 2 , . 

= 2 sm 9 min / = -arcos(sin6> min ) 



,„,-„ asm^Vsin 2 - sin 2 9 min a 



(3.15) 
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and the energy E is equal to 

2utiR 2 Ak 2 [ 9ma * d9 sin9(l - sin 2 6» 



E = -P t 



mill I 



aLO i Je min sva.6 min y/ (sin 2 9 - sin 2 min )(sm 2 9 max - sin 2 9) 

(3.16) 



In the same way we obtain 



p 2utiR 2 Akuji f 6max d9s'm9 \J sin 2 9 - sin 2 1 



auJ i Je min sm9 min ^/~2, 



max 



sin 



(3.17) 



and hence 



E-P 1 = 2ne-*°riV / l + e 2 *on 2 sin ^ . 



(3.18) 



We have derived an analogue of the giant magnon dispersion relation for Dl-brane with 
world-volume electric flux IT. Then we can interpret the solution above as the giant magnon 
on the world-volume of the bound state of single Dl-brane and |II| fundamental strings. 

3.1.2 Second Limiting case: Spike Solution 

The spike configuration corresponds to the limit 

We again define 

Sin Urnin = j SIB "max = ^ n K~7Z ; oris tto\ (O.Zv) 

uji e _2 *ou; 2 a 2 (l + e 2 *oII 2 ) 

so that the limit ( |3.19| ) corresponds to 9 max — > |-. Then the differential equation for 9' 
(13.51) takes the form 



sin 9 min sin 9 / sin 2 9 max - sin 2 9 
sin 9 ma x V sin 2 9 - sin 2 9 min 



(3.21) 



that can be easily integrated with the result 



cogh -l / ^rrnn j _ ^-1 I S^n» | = ±<y (3 22) 



sm a m i n \ cos a J \ sm( 

Further, for the limit ( |3.19| ) the charge P\ given in ( |3. 8[) is equal to 



Pi = 2nrii? 2 e"*° \A + e 2 *°II 2 cos i 



(3.23) 
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On the other hand we obtain that E and derived in (|3.7| ) and (^8|) diverge. However 
we can find combinations of these charges that is finite 



E - ne~* y/l + e 2 *°lPTiR 2 aAip = 2tit x R 2 \J \ + e 2 *on 2 (- - 9 mir , 



(3.24) 



Again, this result can be considered as a generalisation of the spike relation derived in [27] 
to the case of bound state of single Dl-brane and collection of II fundamental strings. 

3.2 Dl-brane on S 3 : two angular momenta 

Now consider more general situation when we examine the motion of Dl-brane with an 
extra angular momentum. In this case the equations of motion for (f>\ (2.12) and for <p2 
(2.13) are equal to 



AR 2 sin 2 6 



[i02 COS 2 6{4>' 1 UJ2 — 02 W l) ~~ 4>1 k2 ] 



- AR 2 cos 2 6 



\u)l sin 



sin 2 Oujicf)'-^ + cos 2 8t02 ( l ) 2 

2 "^2Ul-4>[u>2)-4>W] 



sin 2 Oujicj)^ + cos 2 ^2^2 



B , 
C . 



(3.25) 



It turns out that if we combine these two equations we obtain relations between constants 
A, B and C. In other words we are free to presume particular form of either <j>\ or (f>2 and 
we choose the simplest one 

#=1. 



Then with the help of the equation of motion for <$>\ we find 

~, _ sin 2 9{AR 2 k 2 - Buji - AR 2 uo\ cos 2 1 



U)2 COS^ 8(B -AR 2 u; 1 sm 2 0) 
Following [27] we choose the constants of motion appropriately so that 

& -» as < 



7T 

2 



It turns out that the natural choice is 

K 



ae 



-*°r 2 kVi + e 2 *»n 2 



Then the equation of motion ( |3.27 ) simplifies considerably 

~. sin 2 6u)it02 



ij\ sin 2 1 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



(3.30) 



Further, using ( p. 11 ) and (3.30) we easily find differential equation for 9' 

„, |/dsin#cos( 



sin 



UJn sin 



(3.31) 
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and consequently 



Je mm k cos 9 J (uf — U2) sin 2 9 — k 2 

P@max 

Pi = 2nrie^ (l i?Vl + e 2$ °n 2 / dO- 
P 2 = -2nne-' I>0 i?Vl + e 2 *on 2 / 



oj\ sin 9 cos 9 
'J\ — oJl) sin 2 9 — k 2 



ui2 sin 9 cos 9 
d9 — = . 

J(uf - uj 2 ) sin 2 9 - k 2 

(3.32) 

Finally we find that the difference in angle between two endpoints of the string is equal to 

A , f 8max ,„ to 2 sin 2 9 - k 2 

Atp = -2 / d9 1 . 

JOmin a k sin 9 cos 9 \/ (to 2 — lu 2) sin 2 9 — k 2 

(3.33) 

In all these calculation 9 m ax = % and 9 m in = arcsin [ , ^ = ) where we presume iv 2 > 
uji ■ Here we have chosen 9 m i n such that insider square root is positive. Then, since 
arcsin ( — | < arcsin [ — J= — ? ) < ir/2, 9 can never reach a value such that sin# = — . 
Thus in this case 6*' cannot go to infinity at any point. Performing integrals we obtain 

Pi = 2nr 1 e-' s ' R 2 y / l + e 2$ »n 2 — sin0 , 

cos 7 



where we have 



P 2 = -2nr 1 e-*° J R 2 v / l + e 2$ «n 2 ^ sinfl 

cos 7 



. - a/^i - LO 2 ~ K 2 . U 2 

smd = ; 5 5 81117 = — 



(3.34) 



(3.35) 



Finally we find 

£ - finite - * \A + e 2 *on 2 aAV> = 2nT 1 R 2 e~^° y/l + e 2 ^Ii 2 9 , 



(3.36) 



where 

2 = J - #0 , shiflo = • (3.37) 

^ V ^1 - ^2 

Then we can also write 



P 1 = J P 2 + 2nni? 2 e-*« VI + e 2<I> on 2 sin 2 9 . (3.38) 
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Again this result can be thought of as a generalisation of the results presented in [27] to 
the case of bound state of single Dl-brane and II fundamental strings. 

In the rest of the paper we will study the dynamics of Dl-brane in /3-deformed back- 
ground. Before we come to this problem we review some properties of Nambu-Goto form 
of the string action in this background in appendix-B. 

4. Dl-brane in /^-deformed background 

In this section we return to the study of non-trivial solutions on the world-volume of 
Dl-brane in /3-deformed background. We closely follow the study of the fundamental 
string performed in previous section. Recall that the equation of motion for A a implies 
an existence of conserved quantity II defined in ( |A.9| ) that has the physical meaning as 
the number of fundamental strings. In analogy with the discussion performed in previous 
section we fix the diffeomorphism invariance by imposing the conditions 



\/-detA\/l + e 2 *°II 2 G = A aa , A TT = (4.1) 

or equivalently 

(A Ta f = A aa . (4.2) 

For this ansatz the conserved charges Pt , J\ and J2 and the equations of motion for </>i and 
(j>2 are summarized in appendix-C. 



Using the condition A TT = together with the equations of motion for (f>\, (f>2 in ( C.2 ), 
(C.3) respectively, and also the relation flC.4p we obtain differential equation for 9' 2 in the 



form 



3'2 



2 (3 2 + 2a 2 -2a(3 
(2a/? - /?) 2 

B 2 e 2* C 2 e 2<!> 



sin 2 9(1 + e 2 *on 2 G)(2a/3 - f3 2 ) 2 R 4 cos 2 9(1 + e 2 ^Ii 2 G)(2af3 - (3 2 ) 2 
2^aGe 2 *°n 2 2 

(l + e 2 ^n 2 G)^(2«/3-/? 2 ) 2 ( ^ Csm e ~" 2Bcos °)~ 

a 2 G(a; 2 sm 2 fl + a; 2 cos 2 fl) / l + e^n 2 \ 
(2a/?-/? 2 ) 2 Vl + e 2 *on 2 Gy ' 



(4.3) 



We must however stress one important point. The equations of motion given above are 
valid in case when II S> 1. This follows from the analysis of the equation of motion for 

x° = t 



kR 2 



KR 2 [(a - 0)e-*y/i + e 2 *n 2 ]' = (4.4) 



c A aa e (A r(7 ) 
a — : — a 



V— det A a/— det A 
and we see that this equation is obeyed for general II in case when 

a = p. (4.5) 

On the other hand for II ^> 1 we can write 1 + Ge 2 *°n 2 ~ Ge 2 *°II 2 and we see that (| 
is automatically obeyed. Let us now analyse this situation in more detail. 
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4.i n > 1 

This situation corresponds to the bound state of large number of fundamental strings II 
and one Dl-brane. In this case it is natural to perform a rescaling B = MI , C = cU. Then 
in the limit II » 1 the equations (|C.2| ), ( p.3|) take the form 



1 b 



(4.6) 



Finally, the equation (4.3) reduces into 



r 2 = k 



2 (5 2 + 2a 2 - 2a(3 a 2 {uj\ sin 2 9 + u\ cos 2 



(2a/? - /3) 2 (2a/3 - /3 2 ) 2 

b 2 c 2 



i^G sin 2 0(2a/J - j3 2 ) 2 R 1 cos 2 0G(2a/3 - (3 2 ) 2 
(ajicsin 2 9 — a^bcos 2 9) . 



R 2 {2a(3-(3 2 ) 

(4.7) 

We see that the equations fl4.6p and (|4.7|) take exactly the same form as the equations 



( B.15 ), ( B.17 ) and ( B.18 ) 5 that describe the dynamics of fundamental string. Further, in 
the limit e*°II 1 charges (|C.1| ) reduce into 



r2n 

P t = - Ti R 2 \IL\k / da , 
J o 

/•27T 

J x = ni? 2 |n| / dcrGsin 2 0[ Wl + (/? - a)^ - 7a cos 2 0$,] , 

/■27T 

J 2 = nR 2 \U\ / daGcos 2 0[w 2 + ((3- a)4>' 2 + 7a sin 2 . 
Jo 

(4.8) 

that exactly reproduce the form of these charges for collection of fundamental strings. 
4.2 General II 

As we have seen above the only solution of the equation of motion for x° corresponds to 
a = p. In this case the equation of motion for <pi, <f>2 take the form 

1 r Be* 



1 1 



1 Vl + e 2 ^GU 2 a 2 R 2 VGsm 2 9 
1 r Ge*° 



-aw2lIe* 7\/Gcos 2 fl] . 
+ awin e *°7V / Gsin 2 0] . 



Vl + e^oGFPa 2 R 2 VG cos 2 9 

(4.9) 



5 After appropriate identification of parameters a and f3 and constants b, c. 
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Further, the condition ( [4,2|) for f3 = a implies 



But + Clo 2 = 



(4.10) 



Then, using the condition A TT = and (4.10) we finally obtain differential equation for 9 
- 2 r 27Ge 2 *°rm 



'V- 



— 77 + [uf sin 2 6^ + oj| cos 
or 



lo 2 (1 + e 2 ^U 2 G)R 2 a 3 

B 2 e 2 *° G ( 1 + e 2$ °n 2 \ 

i? 4 a 4 w 2 sin 2 cos 2 0(1 + e 2 *on 2 G) a 2 \ 1 + e 2<I> °n 2 G J 



Note also that for a = j3 the charges (C.l) take the form 



2w e -$ 



(4.11) 



p t = - Ti R 2 k / dcr^^Vl + e^oGn 2 , 
Jo vG 

= n R 2 / da [e-*°cuiVG sin 2 0\fl + e 2 *«Gn 2 - 7G cos 2 sin 2 0a&II] , 
Jo 

/>2tt 

J 2 = Tl R 2 / da [e^* ^^ cos 2 #\A + e 2 ^Gn 2 + 7G cos 2 sin 2 Oa^Tl) . 
Jo 



(4.12) 



It is still difficult to solve the equations ((O^) and ( [4.1 1| ) for any value of II. In fact we were 
not able to find time-dependent configuration that has an interpretation as giant magnon. 
For that reason we now restrict to the case of constant 9 C . First of all we obtain that (f)\ 
and 4>2 have following solutions 



= u x t + 4>' x {9 c ){aa + 0t) , 
<p 2 = u 2 t + 4>' 2 (e c )(aa + pr) , 



(4.13) 



where ^ 2 {9 C ) are constants whose explicit values are given in (|4.9| ) evaluated for 9 C . Note 
that the periodicity conditions for , <j) 2 imply 



0i(2tt) - 0i (0) = 0i(0 c )«27r = ni27r , 
2 (2tt) - 02 (0) = 4> 2 (9 c )a2Tr = n 2 2n , 



(4.14) 



where ri\ 2 are winding numbers. Further, the equation A TT = implies the relation 
between K,uJi 2 ,m 2 and 9 C in the form 



= k 2 (1 + 7 2 sin 2 6> c cos 2 9 C ) - sin 2 9 c {ui + ni) 2 - cos 2 9 c (uj 2 + n 2 ) = . 



(4.15) 
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We also have to demand that 6 C solves the equation of motion for 8. In fact, after some 
algebra we obtain following equation 

7 2 (cos 2 6 C — sin 2 9 C )G [sin 2 Q c u)\ + cos 2 6 c u)2 + 
+ Gsm 2 9 c (u} 2 +n 2 )e 2 *m 2 + Gcos 2 9 c (u 2 + n 2 )e 2 *°n 2 ] - 
- (to 2 -n\- u\ + n\) (1 + Ge 2 *°n 2 ) = . 



Finally, if we impose the condition A CT(T = (A Ta ) s we obtain 

sin 2 Q c n\uj\ + cos 2 9 c n2U>2 = . 
We solve this equation with the ansatz 



7T 



-n 2 = n, 



(4.16) 



(4.17) 



(4.18) 



Then it is easy to see that ( 4.16|) is obeyed for the ansatz ( |4. 18 ) . In what follows we restrict 

the ansj 

V+n 2 ) 



ourselves to this particular situation. Then for the ansatz (4.18) the equation (|4.15| ) implies 

1 



1 + 



(4.19) 



Note also that for the ansatz ( [4. 18] ) the charges ( f4,12| ) take the form 



rii? 2 e-*°2^Wl + \ + e 2 *on 2 , 



4 

J x = J 2 = -J = Tii?V*°27T 

2 2(1 + 



7 2 



^\/l + ^+e 2 *on 2 + ^e^Ti 



(4.20) 



Finally, using ( 4. 1S| ) we find following relation between E = — Pt and J, II and 
E 2 = J 2 + (^irnntfll + | j\ + (2-irR 2 ne-® n) 2 . 



v 



(4.21) 



First two terms above exactly reproduce the results derived in paper 46] 6 where the term 
proportional to II describes contribution from wrapping fundamental string. The last term 
in (4.21) follows from the contribution of wrapped Dl-brane. 



5. Conclusions 

This paper has been devoted to the study of dynamics of Dl-brane in the AdS^ x S" 5 
background and also in its /3-deformed version. We wanted to see how Dl-brane dynamics 

6 The minus sign in front of n is irrelevant. 



- 14 - 



is different from the corresponding study of the fundamental string. In case of AdS§ x S* 5 
we have derived the straightforward generalisation of the giant magnon and spike solutions 
that were found in case of fundamental strings |?], 27]. More precisely, we have found giant 



magnon and spike configurations that are related to the dynamics of bound state of single 
Dl-brane and II fundamental strings. We mean that this is very satisfactory result that 
explicitly demonstrates similarity of the classical description of fundamental string and 
Dl-brane in AdS$ x S 5 background. 

Then we proceed to the analysis of Dl-brane in /3-deformed background. Now we have 
found that the situation is different. In fact, we showed that in case of the large number 
of fundamental strings that are stretched along world- volume of Dl-brane the dynamics 
of this system takes the same form as in case of the fundamental string This result 
again demonstrates the consistency of our approach. On the other hand in case of finite 
number of fundamental strings we were not able to find time dependent configurations 
that could be interpreted as giant spikes or magnons on the world-volume of Dl-brane. 
We mean that this is a consequence of the fact that classical Dl-brane explicitly couples to 
dilaton which is non-trivial in the /3-deformed background and has significant contribution 
to the dynamics of Dl-brane. On the other hand when we have restricted to the study of 
dynamics of Dl-brane with constant 9 we have been able to find the generalisation of the 
formula derived in pfjfl . 

In summary, we hope that our result could be useful for further study of the dynamics 
of Dl-brane in AdS$ x S 5 background and its deformation. It would be certainly interesting 
to study properties of Dl-brane in the /3-deformed AdS§ x S 5 background with complex 
deformation parameter. 
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A. Equations of motion 

Varying the action ( |2.1| ) with respect to x M we obtain the following equations of motion 
for x M 7 

-ti&m [e~*] v^detA - 
- y e ~"* \dM9KLd a x K ~dpx L - d M b K Ld a x K d p x L ) (A -1 )^" V- det A + 



+ nd a [e ®gMNdf3x N (A ^J* sj- det A] 



Equations of motion for all the branes in AdS spacetime has been discussed in 
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where 



and where 



Tid a [e-H MN d p x N (A" 1 )^ V-detA] + J M = , 

(A.l) 



(A" 1 )? = i((A"^ + (A-^) , (A" 1 )? = if(A"^-(A-^) . (A.3) 



In the same way the variation of fl2,l|) with respect to A a implies following equation of 
motion 

Wri^e - * (A^ 1 )^ V- det A] + J a = , (A.4) 

where 

J° = ¥?Z. (A.5) 
Now we start to analyse the equations of motions given in (A.l) and (|A.4|). To begin 



with note that for the ansatz (2J)) the matrix A is equal to 

A rr = R 2 [-k 2 + f) 2 9' 2 + Gsin 2 9{oo x + /3<^) 2 + Gcos 2 9{oj 2 + P4> 2 ) 2 } , 
A T(J = R 2 [a(39' 2 + Gsin 2 0a(wi + /0#)& + Gcos 2 0a(w 2 + M)<^ 2 + 

+ 7Gsin 2 9 cos 2 Qa(u) 2 <t>i — ^1^2)] + InotF , 
A CTT = R 2 [al36' 2 + Gsin 2 0a(wi + M)^i + Gcos 2 0a(w 2 + M)<^2 - 

- 7G sin 2 6» cos 2 6la(w 2 0i - wi^)] - 2vra'F , 
A aa = R 2 [a 2 6' 2 + Gsin 2 9a 2 0? + Gcos 2 0aV 2 2 ] , 



(A.6) 



where F Ta = F and where (. . .)' = Jm. . .). Then it is easy to calculate det A and we obtain 

det A = -a 2 R 4 K 2 [9' 2 + Gsin 2 9$? + Gcos 2 6^' 2 2 ] + 
+ a 2 R A G 2 cos 2 9 sin 2 9{uj 1 $ 2 - io 2 4>[) 2 + 
+ a 2 i? 4 G0 ,2 (sin 2 9uj\ + cos 2 0w|) + 
+ [ 7 i? 2 Gsin 2 ^cos 2 ea(co 2 4>'i ~ wi<£' 2 ) + 2iraF] 2 . 

(A.7) 



Let us now return to the equations of motion ( A.l ) and ( |A.4j ). The equation of motion for 
A a implies 

d T [e-* (A" 1 ) J V-detA] = , 
d a [e~* (A' 1 ) °l V-detA] = 

(A.8) 



and consequently 



e -*4^^= = n, (A.9) 

V- det A 
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where II is constant that counts the number of fundamental strings stretched along world- 
volume of Dl-brane. Further, using the properties of matrices A s and A A defined in ( |A,3 ) 
we easily find 



det A — A Tr Ag-fj A Tcr A ffT 
A-prA-crcr (A T(T ) (A r(7 ) + (A T(T ) (A TtT ) 



If we combine (|A.9|) with ( |A.10|) we can express {A Ta ) A as 

{A Ta ) A (A Ta ) A (e- 2 * + IT 2 ) = (-A TT A CTCT + (A Tff ) 5 (A T(T ) 5 )n 2 

and hence the determinant det A takes the form 



(A.10) 



(All) 



det A = — „, _ x 



2 (9' 2 + G(sin 2 94>f + cos 2 9^))- 
G 2 cos 2 9 sin 2 6(ui<f/ 2 - u 2 $if ~ 6' 2 G(sm 2 9u\ + cos 2 6u>l) 



(A.12) 



A. l Conserved Charges 

The conserved currents are given by 

X = Wt = ~ T ^3ttdpt (A" 1 )** ^^delA , 

J\ = gj£r = -ne'^ig^d^! (A^ 1 )^ + b^dpfc (A~ 1 ) /3 *]V- det A , 
J? = J^~T = -ne~* [gfccfodpfa (A" 1 ) J* + bfafrdpfa (A _1 )^ a ]V- det A . 

(A.13) 

B. Nambu-Goto form of the string action in /5-deformed background 

In order to understand better the dynamics of Dl-brane in /3-deformed background we 
consider Nambu-Goto action for fundamental string in this background. Our goal is to 
explicitly see how analysis of this action can be related to the analysis of the sigma model 
form of the action presented in [ 33 1 . 



Let us start with the Nambu-Goto action for fundamental string in general background 
S = --j^ J dTda[^- det a aP + h^b MN d a x M d p x N ] , (B.l) 

where e a/3 = —e^ a , e 01 = 1 , a a/ g = gMNd a x M dpx N . Variation of ( |B.1[ ) with respect 
to x M implies following equation of motion 

-jd M gKLd a x K df3X L (aT l Y a V- det a - d a [g M Ndpx N (aT 1 )^ V- det a] + 



+ \e aP d M b KL d a x K dpx L - d a [8^b MN d p x N } = . 



(B.2) 
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For reader's convenience we again write the relevant part of the /3-deformed AdS§ x S 15 
background 

ds 2 = R 2 (-dt 2 + d9 2 + Gsin 2 Qd<\>\ + Gcos 2 9d<\>\) (B.3) 

and 

£, , = ii^G sin 2 # cos 2 9 , e 2 * = e 2<I>0 G , G 



1 + 7 2 sin cos 2 9 



a CTCT = # 2 a 2 [0' 2 + Gsin 2 00' 2 + Gcos 2 ^' 2l 



and consequently 

deta = -a 2 R 4 K 2 [6' 2 + Gsin 2 94>f + 



+ G cos 2 9ft£] + a 2 i? 4 G 2 cos 2 9 sin 2 0(a;i0' 2 - w 2 ^i) 2 + 
+ /2 a 2 G(sin 2 9uj\ + cos 2 9uj 2 2 ) . 



Note that the fundamental string has following conserved currents 





1 


d a t 


2tra r 


C-NG _ 


1 


d a <f>i 


2ira' 


£>NG 


1 


d a 4>2 


2?ra' 



2na' 



Then for the ansatz ( [B.5D we obtain following form of conserved charges Pj, Ji, J2 

R 2 K f &arr 

Pt = ~~ — r / a<7 



(I \J — det a 

1 f 2 ^ R 2 Gs\u 2 9 u ~, 
h = - — 7 / da — (^1 + P<Pi)a CT(J - a0 x a T 

27ra' 7 V- det a 



(B.4) 



Let us now consider following ansatz 

t = KT, 9 = 6(y), (pi = u)\t + 4>i(y) , 02 = w 2 t + 4> 2 {y) , (B.5) 

where 

y = au + (3t . (B.6) 
For this ansatz components of matrix a take the form 

a rr = R 2 [-k 2 + P 2 9' 2 + Gsin 2 0(wi + /J^) 2 + Gcos 2 9{oj 2 + M) 2 ] , 
a TCT = a CTT = R 2 [a(39' 2 + Gsin 2 0a(wi + /30 / 1 )0' 1 + Gcos 2 9a{uj 2 + . 



(B.7) 



(B. 



(B. 
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1 



■h 



2na' 
1 

2vra' 
1 

2W 



2?r 



dcri? 7aGsin 9 cos , 
2 ^ R 2 G cos 2 9, 



da — - [(ll> 2 + P4>' 2 )a. a(T - a4>' 2 a. T a] + 



o 



V— det a 



2tt 



daR^aG sin 2 5 cos 2 0$ . 



(B.10) 



Nambu-Goto action is still diffeomorphism invariant. We fix this gauge freedom by de- 
manding that 



V— det a = ^-a-TT-ao-o- + a 2 c 
that can be solved with the condition 8 

a TT = 

and hence 

Hera = a Tcr , V — det a = a T(T . 
With this gauge fixing the charges given in ( B.10| ) are equal to 



(B.ll) 

(B.12) 
(B.13) 



2^ /•27T 



Pt 
Jl 
J 2 



R 2 K 

~2na' 
R? / ' 2 " 



da , 



o 







2ira> 
R? rl " 



2ira> 



daG sin 2 8[lo\ — 4>[ «7 cos 2 0(/> 2 ] 



daG cos 0[w2 — 4>2 — h cry sin 9(f)' 1 ] 



(B.14) 



Then using (B.12) and ( |B.13| ) it is easy to see that the equation of motion for (f>\ implies 
following differential equation for 



1 



f3 2 - 2(3a 



R 2 G 



8111 



«W27 cos 2 9 — oj\ (/? — a) 



(B.15) 



where b is constant. Note that if we choose the parametrisation (3 — a = —(3' we obtain 



1 



1 (/?' 2 - a 2 ) L R^G sin 2 9 



au27 cos 2 9 + LViP[] 



(B.16) 



that coincides exactly with the equations of motion given in [33]. In the same way the 
equation of motion for 02 implies 

1 , c 



(3 2 - 2(3a l R 2 Gcos 2 < 



u)2(f3 — a) + awi7sin 9] , 



(B.17) 



3 It is clear that we could use an alternative gauge fixing solution a TT = — a CT(T , a T(T = 0. 
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where c is again constant. 

In order to find differential equation for 9 we use the condition a TT = together with 
flRlSp and ( plTp and we obtain 



2 ■ 2 /i\ 2/2-2/1,2 2/)M 

H — — ^-(u;20cos y — wicsm c/j — a (wj sm # + cj 2 cos pJJ , 
it 



(B.18) 



where we have also used the relation 

This relation follows from the condition a r(7 = a aa . that implies 

9' 2 {af3 - a 2 ) + awiGsin 2 90[ + aw 2 Gcos 2 0$, = (a 2 - a/3) [G sin 2 + Gcos 2 9^} . 

(B.20) 

Then if we combine this result with the condition a rr = and use ( |B.15| ) and ( |B,17| ) we 
finally obtain ( pT9|) . 

It is easy to see that if we make the substitution (3 = a — /3' in (B.18) we obtain the 



same equation that was presented in p3[ . A careful analysis presented there shows that 
there exist two solutions corresponding to giant magnon and spikes. We will not repeat 
these calculations here and recommend the original paper [^] for more details. 

C. Conserved charges for the Dl-brane in (3- deformed background 

The conserved charges Pt, J\, J2 for the Dl-brane in the (3 deformed background can be 
calculated as 

/•27T -$0 

p t = - Ti R 2 k / da—=y/l + e 2 *oGn 2 , 
Jo vG 

/>2tt 

J x = Tl R 2 / ^[e^'v^sm 2 ^ + ((3- u)$ x )\fl + e 2 ^GU 2 - 
Jo 



'0 

7^cos 2 0sin 2 0a0 2 II] , 

f27T 



J 2 = Tl R 2 [ dale-* VG cos 2 9(co 2 + ((3- a)fa) \A + e 2 *>°GIl 2 + 
Jo 

+ 7G cos 2 sin 2 00^ II] . 

(C.l) 



Further, the equations of motion for <p\ reduces to 

1 



1/ 



1 Vl + e 2 *oGn 2 (2a/3-/3 2 ) 

x [ B *L° - a^Ue^jVG cos 2 9 + (/M - awO \/l + e 2 *°GII 2 ] . 

R 2 \/Gs'm 2 9 

(C.2) 
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In the same way the equation of motion for <p 2 gives 

1 



Vl + e 2 *oGn 2 (2a/3 - /? 2 ) 

CpG>o 

[ = + awine*°7VGsin 2 + ((3u 2 - au 2 ) V 1 + e 2 ^" GU 2 ] 

R 2 VG cos 2 9 

(C.3) 



Now if we combine the diffeomorphism invariance condition ( f4.2|) together with the condi- 
tion A TT = we obtain the relation 



= k ^[Buox + Cuj 2 \ . (C.4) 

(a- ^VTT^GIPR 2 
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